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ABSTRACT 
We consider the minimum spectral radius for an n X n matrix of O’s and l’s 
having a specified number 7 of 0’s. We determine this minimum spectral radius when 
7 < lfl’/41. 
In this paper we consider the minimum spectral radius problem for the 
class of n X n matrices of O’s and l’s with a prescribed number 7 of 0’s. 
When 
the minimum spectral radius is clearly 0. For 
the minimum spectral radius is easily seen to be 1. Here we obtain the result 
of Brualdi and Solheid [l] for the minimum spectral radius when 7 < In”/41 
and their characterization of those matrices whose spectral radius attains the 
minimum value. Our proofs are simpler than those of Brualdi and Solheid. 
Let n be a positive integer, and let T be an integer with 0 < T Q n”. 
Denote the class of all n X n matrices of O’s and l’s with exactly T O’s by 
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L(n, 7). Let 
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fi(n,r) = min{p(A):A E L(n,r)}. 
Let i(n, 7) denote the subset of L(n, 7) consisting of those matrices 
having the property that in each row the l’s are to the left of the O’s and in 
each column the O’s are above the 1’s. 
We now discuss briefly a theorem of B. Schwarz [_z] as it pertains to 
L(n, 7) and =E(n, 7) along with the basic idea in its proof. 
THEOREM 1. Let A E L(n, T). Thenfor some permutation matrix Q, there 
exists a sequence of matrices A,, = Q’AQ, A,, A,, . . , A,, = B, such that 
(a) B E L(n, T), 
(b) Ai+, is obtained from Ai l?y switching a 0 and a 1 in A where the 0 
immediately precedes the 1 in some row or immediately follows the 1 in some 
column (i = 0, 1, . . , s - l), 
(c) p(A)~~(A,)~p(B)(i=l,...,s-1). 
The sequence of matrices in Theorem 1 can be chosen so that we move 
the O’s to the right in each row and then to the top in each column in the 
manner prescribed by (b). Schwarz’s argument in [2] was given for positive 
matrices, but Theorem 1 follows by a continuity argument after replacing the 
O’s of A by E where 0 < E < 1. 
A consequence of Theorem 1 is the following: 
p’(n,T) = min{p(A):A E L(n,T)}. 
In words, the minimum spectral radius of matrices in L(n, T) is achieved by 
a matrix in Gn, 7). 
TIIEOREM (Brualdi and Solheid [l]). Let T be an integer with 0 < T < 
[n”/4]. Then 
P(n,T)=$(n+JFG). (2) 
Moreover, for A E L(n, 71, p(A) = a( n, 7) if and only if there is u permutu- 
SPECTRAL RADIUS OF MATRICES 181 
tion matrix P and nonnegative integers k and 1 with k + 1= n such that P’AP 
has the form 
(3) 
where ]k,l denotes the k X 1 matrix of all l’s and we write Jk instead of ]k,k. 
Proof. Let A = [ aij] E i(n, T), and let ri be the number of O’s in the ith 
row of A. Then r1 2 rp > . . . > r, and Cnzlri = 7. Let x =(x1,x,,.. .,T~)~ 
be an eigenvector of A corresponding to the eigenvalue p(A) satisfying 
Cy=,xi = 1. Since p(A)x = Ax, 
~(A)x,=x,+x,+ ... +~,_,,=l- f Xj (i=1,2 ,..., n). 
j=n--r,+l 
ThenO(x,gx,< ... <x, and 
l? xi 6 rix, (i=1,2 ,..., n), 
j=n-r,+l 
p( A)x, < 1. 
Therefore 
p(A)x,=l- f xj 2 l- rix,. 
j=n-r,+l 
Sum on i to obtain 
n 
p(A)an- c rix,=n--7x,. 
i=l 
Since p(A) > 0, this implies 
[p(A)]” > np(A)- TAX, 2 np(A)- 7, 
[p(A)]‘-np(A)+T>O, 
p(A)>i(n+dG). 
(4) 
(4’) 
(5) 
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Equality will hold in (5) if and only if all inequalities in (4) and in (4’) are 
equalities. In this case, from (4), we obtain 
f "j = rlXrir 
j=n--r,fl 
which implies x,_,,+~ = ~~_~,+a = . . . = x,. Therefore 
~(A)xn-,,+I = ,o(A)x,_,,+~ = . . . = p(A)x,, = x1 + x2 + . . . +x, 
and 
r,,_ r,+l =r,_,,+2= ... =r,,=O. 
Then A has the form (3) with k = n - r, and 1 = r,. Conversely, if there 
exist nonnegative integers k and 1 with k + 1= n such that A E i(n,r) has 
the form (3) then xk+, = xk+s = *. . = x,, and k < n - r, < n - c2 < . . . < 
n - r, imply that equality holds in (4) and in (4’). So for A E L(n, r), (5) 
holds, with equality if and only if there are nonnegative integers k and 1 
with k + 1= n such that A has the form (3). This implies (2). 
We now need to show that if A is a matrix in L(n, T)\ t(n, T) with the 
property that there does not exist a permutation matrix P such that P’AP has 
the form (3) with k + I = n, then p(A) > &n, 7). Consider such a matrix A, 
and let A, = Q’AQ, A,,..., A,$ = B be matrices in L(n, T) satisfying Theorem 
1. Hence p(A) = p(Q’AQ) > p(A,) > p(B) for i = 1,2,. ., s - 1. Since B E 
L(n, T), if B does not have the form (3) then by the above argument, 
p(B) > P(n, T) and hence p(A) > p(n, 7). Thus we may assume B has the 
form (3) and p(B) = b( n,T). It follows from (b) of Theorem 1 that there 
exists an integer j such that F = Aj, 1 has the form (3) with k = r, but 
E = Aj does not have the form (3) for any k. F is obtained from E by 
switching a 0 and a 1 in E where the 0 immediately precedes the 1 in some 
row or immediately follows the 1 in some column. The two possibilities are 
similar, and we only consider the second. Hence 
where for some t between 1 and n - r, X’ is obtained from X by replacing a 
0 in its (r, t) position with a 1, and D is obtained from J,_, by replacing the 
1 in its (1, t) position with a 0. 
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Now let E =[eij], and let x =(x~,x,,...,x,,)’ be an eigenvector of E 
corresponding to the eigenvalue p(E) satis@ing C~,,x, = 1. Then 
Ex = p( E)r. (6) 
Since E does not have the form (3) f or any choice of k and 1, in particular 
for k = r + 1, it follows that the first column of X’ contains a 0. Let 
ei = 1- ei r+l. Then Cy= lei > 0. Since the (r +2)nd row of E contains no 
O’s, the (r’+ 1)st and (r +2)nd equations of (6) imply that 0 < rrfl < x,+~ = 
x r+O= ... =x,. It now follows horn (6) that 
p( E)xi = 1- [(r, - e,)x, + eix,+l] 
Summing over i, we obtain 
k (ri-e,)x,+ f eix,+l >n-rx,. 
i=l i=l 
Therefore 
and hence 
p(E)>i(n+dG)=p(n,T). 
Then p(A) > p(E) > i% rt, 7). Hence p(A) > ji(n, 7) holds in this case, com- 
pleting the proof of the theorem. W 
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